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Fig. 1 Wing geometry and coordinate system.

Table 1 Representative material properties
for the glass-� ber/epoxy laminates

Thickness,
mm

Density,
kg/m3

D11,
Nm

D22,
Nm

D12,
Nm

D66,
Nm

1.95 1978 18.1 16.4 2.84 3.76
2.06 1929 20.0 18.2 3.19 4.23
2.14 1916 21.8 19.5 3.31 4.48
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4, 1998, pp. 661 ­ 663.

15Reissner, E., and Stavsky, Y., ‘‘Bending and Stretching of Certain
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Mechanics, Vol. 26, No. 9, 1961, pp. 402 ­ 408.

16Jones, R. M., Mechanics of Composite Materials, McGraw ­ Hill —
Kogakusha Ltd., Tokyo, 1975.
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Introduction

T HE optimal design of aircraft structures subject to aero-
elastic stability constraints, so-called aeroelastic tailoring,

is not new. Early studies involved using the anisotropic prop-
erties of laminated wood or plywood structures to tailor the
structural response caused by aerodynamic forces.1 The devel-
opment of � nite element structural analysis, potential � ow
panel methods, and numerical optimization made it possible to
solve quite complex aeroelastic tailoring problems. Important
early contributions were done by Haftka and Yates2 and Wil-
kinson et al.3 Use of modern composite materials have further
improved the possibilities in tailoring the structural response
under aerodynamic loads for performance bene� ts. The X-29
demonstrator is perhaps the most well-known example.4

Because aeroelastic tailoring is true multidisciplinary anal-
ysis and optimization, there is an obvious risk that modeling
errors in each discipline multiply when the different models
are combined in an optimization process. Evaluation of the
aeroelastic stability constraints involves the solution of nonlin-
ear eigenvalue problems with unsymmetric and complex ma-
trices. It is well known that this type of eigenvalue constraint
is not differentiable with respect to design changes and may
also lead to discontinuities in other problem parameters such
as � utter speed.5­ 7

The purpose of the present paper is to demonstrate the ac-
curacy of the most common analysis methods used in aero-
elastic tailoring for predicting aeroelastic stability by compar-
ing numerical results with wind-tunnel experiments. The
particular interest is to closely investigate design points in the
neighborhood of optimal designs where discontinuities in � ut-
ter speed with respect to design changes appear. The use of
optimal design methods tends to increase the likelihood of ob-
taining structures that, at least in theory, are extremely sensi-
tive to small perturbations and imperfections in material prop-
erties, boundary conditions, and aerodynamic � ow models.

Model Problem
The model design problem was chosen as a thin composite

wing with orthotropic material properties. The design variables
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were the orientation of the material and the size of a number
of concentrated masses used for mass balancing. There are
several advantages with using a polymer composite wing. The
composite material is superior in withstanding large strains,
e.g., when subject to � utter, without permanent deformations
caused by yielding and it offers many possibilities for aero-
elastic tailoring.

The wing geometry and material were selected on the basis
of tunnel performance and geometry. The con� guration was
chosen to be of relevant size, materialize a suitable critical
speed, and to not have a divergence instability. A 15-deg swept
con� guration with 1200-mm span, 200-mm root chord, and
100-mm tip chord was chosen. Planform and de� nition of the
coordinate system are shown in Fig. 1, where g de� nes the
sweep angle and u de� nes the orientation of the 0-deg laminate
axis. The nominal wing thickness was 2.0 mm.

All wings were cut from prefabricated, epoxy-impregnated
woven glass-� ber laminates with the objective to be identical
with respect to planform and thickness. The lay-up was ortho-
tropic with all � bers aligned parallel to either the 0- or 90-deg
axis of the laminate. Because of differences in the weave struc-
ture between the warp and weft yarns, both the Young’s moduli
and the bending stiffnesses varied between the two main axes.
The 0-deg axis was de� ned here as the axis of highest stiffness.

The dominating elastic material properties in the present
aeroelastic problem are the plate stiffnesses, D ij . Several dif-
ferent mechanical tests were performed to determine reliable
and representative material properties. After some considera-
tion it was decided to consistently use the results from a vi-
bration technique8,9 that is able to measure all Dij of a specimen
in one single test. The advantage of the method was notable,
particularly because it is quite dif� cult to measure, e.g., D66

using standard test methods.
The method of Frederiksen8,9 uses experimentally deter-

mined eigenfrequencies of rectangular specimen plates to
match numerical results where the elastic lamina properties are
used as variables in an optimization process. An error function
describing the difference between the experiments and the nu-
merical results is minimized. The experiments showed varia-
tions in elastic properties, primarily because of laminate thick-
ness variations, but likely also because of local deviations in
lamina orientations. Table 1 shows representative plate stiff-
nesses for the thinnest, average, and thickest wing in the in-
vestigation. All material data are given in the global x­ y co-
ordinate system de� ned in Fig. 1.

The out-of-plane shear moduli G13 and G23 were also needed
because the Mindlin plate differential equations10 were used in
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Fig. 2 Critical � utter speed (m/s) vs laminate angle u.

the structural model. A single test was used to estimate these
moduli giving G13 = 4.27 GPa and G23 = 3.56 GPa. These
results were used throughout the analyses because their effect
on stiffness is negligible because of the small thickness of all
laminates used.

Numerical Analysis
The linearized equations of motion for a thin wing in po-

tential � ow are given in discretized form as

Mv̈ 1 Kv = f (t) (1)

where the vector v denotes the nodal displacements of the wing
� nite element model, M, the consistent mass matrix, K, the
stiffness matrix, and f, the vector of aerodynamic forces de-
pending on the time t. Damping is neglected in the present
model. The stiffness and mass matrices are computed using
the Heterosis � nite element,10 which represents a discretization
of the Mindlin plate differential equations.

Assuming incompressible linear unsteady aerodynamics and
transforming the equations of motion to the frequency domain
gives the eigenvalue problem

2 ˜[p M 1 K 2 qA(p)]v = 0 (2)

where A denotes the matrix of aerodynamic forces, p the ei-
genvalue, q the dynamic pressure, and the eigenvector, mean-ṽ
ing that the deformations are of the form

pt˜v = ve (3)

Following standard procedure,11 the lowest free-vibration
frequencies and corresponding eigenmodes are used to de� ne
a smaller subspace of size Rm, with m denoting the number of
eigenmodes used to de� ne the subspace. Assuming that the
free-vibration eigenvectors are normalized so that the gener-
alized mass is 1, the nonlinear eigenvalue problem becomes

2 2 ˆ[p I 1 V 2 qA(p)]v̂ = 0 (4)

where V2 is diagonal with the m smallest free-vibration eigen-
values on the diagonal, and Â is the m 3 m matrix of2vi

generalized aerodynamic forces.
It is also convenient to introduce the nondimensional eigen-

value p̂ = pb/u, with b denoting the semichord of the wing.
The imaginary part of p̂ is the nondimensional reduced fre-
quency that is usually denoted by k = vb/u, where v is the
frequency of vibration. A further simpli� cation used is to as-
sume that Â only depends on the reduced frequency, giving

22rb b 2 2Â(Im p̂) 2 V 2 p̂ I v̂ = 0 (5)F S D G2 u

The nonlinear eigenvalue problem is solved for given values
of r and u, representing a � ight condition. Â is computed using
the doublet-lattice method.12

The eigenvalues p̂ are found for each � ight condition using
a modi� ed version of the so-called p-k method13 with some-
what better convergence properties. The structure is considered
stable for the � ight condition if all of the m eigenvalues p̂ have
a negative real part.

A 16 3 8 mesh of panels for the full-span wing was used
for the discretization of the aerodynamic loads and a 12 3 6
mesh of � nite elements was used for the structural properties
of the semispan wing. The size of the modal subspace was
chosen to be m = 16.

The three lines in Fig. 2 shows the predicted critical � utter
speed as a function of laminate orientation u for the three
different sets of material properties given in Table 1. The thick-
est plate gives the highest � utter speed.

All three curves share the same general behavior. Each curve
can be divided into three regions. The � utter mode below u =
39 deg corresponds to a bending-torsion mode. At u = 39 deg
there is a change of critical mode resulting in the peak (with
discontinuous derivative), and for 39 deg < u < 57 deg the
� utter mode is a trailing-edge vibration. Another type of tran-
sition between � utter modes occurs at u = 57 deg. This be-
havior, resulting in a discontinuity, corresponds to a change of
critical mode where the two modes are unstable for different
airspeeds. Above u = 57 deg, the eigenvector again corre-
sponds to a bending-torsion mode.

Flutter Speed vs Laminate Orientation
A series of � utter calculations and experiments, conducted

at the Royal Institute of Technology, were performed to in-
vestigate the correlation between experimental and numerical
results. The markers (3) in Fig. 2 represent the experimental
results. Generally, the predictions show good correlation to the
experiments. The different eigenmodes discussed earlier were
in most cases also qualitatively distinguishable in the experi-
ments.

The main uncertainty in the present model problem relates
to the variation in material properties. As can be seen in Fig.
2, the experimental results do not always fall between the two
predicted curves representing the upper and lower bound on
material properties. However, the magnitude of the difference
between the two predicted � utter speeds does surprisingly well
correspond to the variation in experimental � utter speed for a
given value of u.

Optimal Design
The purpose of this section is to demonstrate that it may be

necessary to change the formulation of the optimal design
problem to obtain a design that is stable for a given � ight
condition not only in the theoretical model but also experi-
mentally. The orientation of the composite material is now
considered � xed, at u = 45 deg, for a wing of the planform
shown in Fig. 1. The design problem consists of � nding the
minimum size and distribution of small masses such that the
wing is stable for airspeeds signi� cantly higher than the � utter
speed of the bare composite wing.

The optimal design problem of � nding the size of additional
masses that ensures a stable wing for a given airspeed is posed
as the nonlinear optimization problem

n

min w 1 w (6)0 jO
w j=1j
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Table 2 Results from design optimization compared with experimental results

Required speed
u, m/s d

Total weight,
g

w4,
g

w5,
g

upred,
m /s

uexp,
m /s

udiff

%

—— 0 335.6 0 0 47.8 47.8 1.5
55 0 351.1 3.31 12.18 55.0 50.8 7.9
60 0 368.3 4.02 28.72 60.0 51.7 14.9
60 0.001 369.8 5.12 29.07 60.2 53.5 11.8
60 0.01 385.1 17.77 31.74 62.5 61.0 2.4

Re p̂ (w , u) 1 d # 0, i = 1, . . . , n (7)i j p

0 # w , j = 1, . . . , n (8)j

where w0 denotes the weight of the bare wing; w = (w1, . . . ,
wn) is the vector of concentrated masses; and p̂i denotes the
eigenvalues obtained by solving the nonlinear eigenvalue prob-
lem for different values of the airspeed. The problem formu-
lation also allows the use of a stability margin d > 0 that would
require the eigenvalues to have a strictly negative real part.

The nonlinear programming problem de� ned by Eqs. (6­ 8)
is solved using the method of Svanberg14 and the derivatives
of the constraint functions [Eq. (7)] are derived as described
in Ref. 6.

The � utter speed of the bare wing was experimentally found
to be 47.8 m/s. Numerical calculation resulted in a � utter speed
of 47.8 m/s as shown in Fig. 2.

The 12 weights used for mass balancing were equally
spaced, six along the leading edge and six along the trailing
edge. The weights were numerically modeled as point masses
and were experimentally achieved by bonded streamlined lead
weights. The optimal design problem [Eqs. (6­ 8)] involves
� nding the optimal values of the 12 different weights wj sub-
ject to the stability constraints. The stability constraints were
enforced for two different sets of airspeeds; namely, u = (50,
50.5, 51, . . . , 55) m/s and u = (55, 55.5, 56, . . . , 60) m/s.
The stability margin d = 0 was used for the lower airspeed and
three different stability margins, d = (0, 0.001, 0.01), were used
for the higher airspeed. The initial values for solving the op-
timal design problem was chosen to be zero for all weights
corresponding to an infeasible initial design.

The results from the solution of the optimal design problem
for the different cases are given in Table 2. Only variables w j

with nonzero optimal values are shown.
It is an interesting feature of the optimal solution that only

two variables are nonzero in all cases. The predicted speed,
upred, obtained using the numerical method is somewhat higher
than the required speed when d > 0, because this forces all
eigenvalues to be placed the distance d from the imaginary
axis in a root locus plot.

Conclusions
The use of the doublet-lattice method for unsteady subsonic

aerodynamics combined with linear elastic � nite element struc-
tural analysis gives an aeroelastic analysis capability with re-
markable accuracy. The simplifying assumptions in the � ow
model are quite signi� cant, but for the present con� guration
accurate aerodynamic loads can be calculated. The main un-
certainty is because of the variation in material properties.
Even though apparently high-quality laminates were used,
small variations in thickness have a signi� cant effect on the
� utter speed. The in� uence from internal structural damping
and wind-tunnel boundaries appears to have a much smaller
effect in the present case.

It was clearly demonstrated that design optimization using
the current analysis methods is possible, but stringent quality
control is needed if predicted performance is to be realized in
practice. The use of optimal design methods for mass balanc-
ing clearly demonstrates that using an overly simplistic opti-

mization formulation such as given by Eqs. (6­ 8) with d = 0
may result in an optimal design that is of little use in practice.
However, if the optimization model allows uncertainties in the
aerodynamic and structural model, it is possible to use optimal
design. The proposed modi� ed problem formulation [Eqs.
(6­ 8)] with d > 0 was successful here, but is most likely not
the best way to achieve an optimal design with performance
that can be experimentally veri� ed.
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